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CHAPTER I
INTRODUCTION
The Problem
Purpose of this paper The recognition of the need to provide
for the individual differences among students has driven the
enterprising teacher of the so-called traditional method to
search for a method that might best satisfy that need. As a
result of having completed the course in the unit method at
Boston University and of having read the Fundamentals of
1/
Secondary-School Teaching , the writer feels that the unit
method is a definite solution to this need of meeting
individual differences and so has constructed this unit in
fractions based on the principles and procedures found in the
book and in the course. This unit represents an attempt to
select, organize, and present to two classes of pupils of first-
year algebra certain core materials in the topic fractions that
might satisfy their common need, and to supply other materials
as provisions for their individual differences.
The pupils :—This unit was prepared for presentation to two
classes in first-year algebra at the Newman Preparatory School
l/Hftoy 0. Billett, Fundamentals of Secondary School Teaching
Houghton Mifflin Company, Boston, 1940.
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of Boston, Massachusetts. The number of pupils in each class
was fifteen and twenty-eight, respectively. The mean age of
the students was 21.14 years, and the range extended from
fifteen years to twenty-eight years.
Table 1. Chronological Ages of Pupils
Age in years Frequency
(1) (2)
28 1
27 0
26 0
25 1
24 0
23 2
22 2
21 10
20 15
19 5
18 2
17 3
16 1
15 1
Total 43
High 28
Low 15
Range 13
Mean 21.14
Standard Deviation 2.10
Thirty-five of the forty-three students in the classes
were veterans. All the students were male. Only eight of the
total number had not graduated from high school. Since most of
the students were veterans, very few had entered the Newman
School directly from other schools. The average length of time
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that had elapsed since the students left high school was two
years. One student last attended school nine years previous
to his entrance at Newman. The scores of the psychological
1/
examination given the students while at Newman ranged from 133
to 68 with a mean score of 92.44 and a standard deviation of
15.56. This is shown more in detail in the table that follows.
Table 2. Psychological Examination Scores
Score Frequency
(1) (2)
130-139 1
120-129 2
110-119 2
100-109 7
90-99 10
80-89 11
70-79 9
60-69 1
Total 43
High 133
Low 68
Range 65
Mean 92.44
Standard Deviation 15.56
One of the students was from Portugal, and his grasp of
English was quite poor. Except in word problems, however, his
understanding of mathematical procedures was sufficient to keep
him well up in the class.
l/ American Council on Education, Psychological Examination
.
American Council on Education, Washington, 6, D.C., 1946.
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Notice should be paid, too, to the fact that about half of
the students had studied algebra before* These students, as is
shown by the pre-test, had forgotten most of what they had
learned previously, because several years had passed since they
last had studied the subject. Only three of these stated they
had failed the algebra course previously taken.
No previous mark in mathematics was available, since for
high-school graduates that enter the school no transcript of
marks is required. However, the mark that each student obtained
in the first quarter of the year at Newman is given in lieu of
such a previous mark and is an indication of his latest
achievement in mathematics. This information is presented in
detail in Table 3 which follows.
Table 3. General Information about Students Taking Unit in
Fractions
.
Pupil Age Psychological
Score
Previous
Algebra
Mark
• " 1 1
Had
Algebra
Before
Hobby
(1) (2) (3) (4) (5) (6)
1. 23 100 65 1938 flowers
2. 20 82 70 no stamps
3. 20 113 65 no records
4. 20 95 95 1945 golf
5. 28 70 65 no sports
6. 19 129 100 1945 stamps
7. 20 73 65 no sports
a. 20 107 95 1942 sports
9. 20 73 80 1944 sports
10. 21 133 95 1943 cars
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5Table 3 concluded. General Information about Students Taking
Unit in Fractions.
Pupil Age Psychological
Score
Previous
Algebra
Mark
Had
Algebra
Before
Hobby
(1) (2) (3) (4) (5) (6)
11. 21 103 65 no guns
12. 22 86 57 1942 hunting
13. 21 68 60 no sports
14. 22 89 56 no golf
*5. 21 81 75 1945 sports
16. 20 80 84 no hunting
17. 18 95 55 no sports
18. 21 75 82 no woodwork
19. 21 98 75 no sports
20. 20 86 95 1943 sports
21. 20 70 60 no sports
22. 23 83 98 no rifles
23. 19 92 65 no sports
24. 18 94 78 1942 sports
25. 25 120 90 no sports
26. 20 96 89 1945 sports
27. 21 70 60 no drawing
28. 19 87 90 1946 sports
29. 17 90 65 no sports
30. 20 76 70 no sports
31. 20 108 85 1945 sports
32. 18 109 85 1943 sports
33. 15 70 65 1947 sports
34. 19 90 65 no sports
35. 20 92 60 no hunting
36. 17 105 95 1943 sports
37. 20 70 70 1940 sports
38. 16 80 61 no sports
39. 19 102 95 no sports
40. 21 96 90 no none
41. 20 116 55 no sports
42. 21 83 70 1946 sports
43. 21 88 70 no none
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All of the students came from parents that were of the
middle economic group* Only two of the students stated that
they had no desire to enter college, and fourteen had not made
up their minds which college they would try to enter. Of the
remaining twenty-seven, fourteen expressed a preference for
Boston College, four for Boston University, two for
Northeastern, and one each for Villanova, Massachusetts State,
University of Colorado, Tufts, Massachusetts Institute of
Technology, The Boston College of Pharmacy, and Bentley School
of Accounting.
Since the students were all males, it was not surprising
to see sports as the most prominent hobby. The few hobbies
that were different were woodworking, drawing, mechanics,
• floriculture, collecting records, and collecting stamps. None
of these hobbies gave any clue as to how algebraic fractions
might be of advantage in the pursuit of the hobby with the
possible exception of mechanics and drawing.
The school :—The Newman Preparatory school where this unit in
fractions was taught is one of the most recent additions to the
educational facilities of Boston. The school was founded in
1945 "to offer college preparatory courses for young men and
women whose secondary education has been interrupted or has not
included the subject matter required by the colleges for
..
1/
admission . It is incorporated not for profit under Chapter 180
1/ Newman Preparatory School, Catalogue . 1948, p.8.
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of the General Laws of the Commonwealth of Massachusetts
Since September 1946 the school has occupied the main floor of
the former Hotel Brunswick.
The room : --The classroom in which both of these classes were
regularly taught was of the traditional type, each pupil being
furnished with a movable chair fitted with a tablet arm. The
only other articles of furniture in the classroom were the
teacher* s table and chair. The classroom did not have a
bulletin board. In arranging to teach this unit the writer
decided that either some additions would have to be made to
the classroom or else another classroom with more equipment
would have to be found. Since each classroom had many other
classes and teachers in it during the day, it would be somewhat
difficult to set up any improvements without much moving about
during the days the unit was being taught. After the list of
available classrooms for these two periods was consulted, it
was discovered that the physics laboratory would be available
for these two periods. This arrangement would have several
advantages: enough tables to seat the whole class, more room,
book cases, one large filing case, and several deep drawers
that would serve admirably as other filing cases for materials.
The headmaster and the head of the science department were
then consulted, and they offered whatever assistance they could.
Actually, then, during the teaching of this unit two rooms were
used, most of the work being done in the physics laboratory.
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The physics laboratory is a room about fifty feet long
and twenty feet wide. The windows are along the right side
of the room, while scientific equipment is ranged on the left
side and to the rear of the room. In front is a movable
blackboard, and to the right of the blackboard are the book-
case with reference materials for the students and the filing
case. To the left of the blackboard are the teacher's table
and chair. Along the wall opposite the windows and near the
front of the room are the drawers used as filing cases for the
tests, study guides, and other materials. Most of the tables
were anchored to the floor and have a gas outlet on the top
that interfered very little with the activities of the students.
However, four of the tables were of the library type, movable,
and capable of seating comfortably six students each. No
bulletin board was available at first, but fortunately one of
the main bulletin boards outside the school office was being
replaced by a locked bulletin board. The old bulletin board
was put in the physics room at the request of the teacher and
through the cooperation of the headmaster. This bulletin
board was situated towards the rear of the room, near the rear
exit. Its dimensions were five feet by three feet and during
the time the unit was taught was used by the two algebra
classes exclusively. Floor plans of both classes can be found
on pages 9 and 10 which follow.
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Figure 2
Floor plan of physics laboratory

Since the school library was near the laboratory,
permission was given to students who were interested in
pursuing any of the optional related activities to work in the
library if they wished during the regular class periods.
The books ; --Each member of the classes had in his possession a
copy of the text book, the First Course in Algebra by Theissen
1/ 2/
and McCoy and of the work book by Joseph Nyberg, which had not
been prepared to accompany the text but had been used as
supplementary material for practice and tests, A library of
fifteen books was set up in the classroom. Several of these
books were supplied by the teacher, two were copies sent by
book companies for inspection, and the remainder were borrowed
from fellow teachers or from the Boston Public Library. In
addition to the books in first-year algebra, several books in
second-year algebra and review mathematics were supplied for
those who might want to try their hand at more advanced work.
The Method
The method used in solving the problem was that of
gathering objective data on the specific group of students and
on the specific classroom situation already described. Special
tests were devised for this purpose. By analysis and creative
synthesis a special teaching-learning situation was developed.
To record the reaction of the students and of the teacher
1/ A. D. Theissen and L. A. McCoy, First Course in Algebra .
Loyola Press, Chicago, 1936.
2/ Joseph Nyberg, Tests and Drills in Algebra, American Book
Company, New York, 1945.
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during the unit, a log was kept from day to day.
Testing : --All the tests used in this unit were teacher-made to
.fit the unit. At first it seemed best to have a progress test
for each item in the delimitation. Such a procedure, however,
would take up considerable time in class, better spent in other
activities. A review of some of the latest units on
.mathematics was made, and in the unit of William McGhee, Unit
1/
Organization of the Topic Exponents t one of the criticisms made
by the author was that he had too many progress tests and that
four or five would have been better. So it was decided to limit
the tests to four, each one covering one or more items and yet
covering only one basic skill or ability. In order to be able
to calculate gains made during the teaching of the unit, the
pre-test was given to the class at the beginning of the unit
and again at the end as a final test. The initial scores, the
final scores, and the gains of each pupil made in these tests
can be found in chapter IV. The students were not told that
the same test would be used. In the progress tests it was
decided that completing successfully two-thirds of the problems
(ten problems) would be considered as satisfactory progress.
Upon satisfactory progress in a test the student could then go
on to another item of the unit. Before the pre-test was used in
the unit it was given to several students of other classes by
l/ William McGhee, Unit Organization of the Topic Exponents ,
unpublished Master of Education Service Paper, Boston
University School of Education, 1948, p.41.
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fellow teachers to check the time required for completion.
Duplication of material :—The typing of the stencils for the
tests, practice sheets, study guide, and other materials
distributed to the class was done by the teacher. The
duplicating was done by the office staff of the Newman
Preparatory School on the school duplicating machine.
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CHAPTER II
UNIT ORGANIZATION OP THE TOPIC
FRACTIONS IN FIRST-YEAR ALGEBRA
1/
General Statement of the Unit
A knowledge of the meaning and use of algebraic fractions
is necessary for the successful continuation of one's studies
in nearly all the sciences and in mathematics. Such a
knowledge includes the ability to add, subtract, multiply and
divide fractions, to reduce them to simpler forms, and to handle
complex fractions.
2/
Delimitation of the Unit
1. In arithmetic a fraction is an indicated quotient of one
quantity divided by another, for example, iZ. An algebraic
11
fraction is a fraction in which the integers or quantities
are represented by letters, for example, 4x : as
y-2
arithmetic, the dividend is the numerator and the divisor,
the denominator.
2. What we do in arithmetic to reduce fractions, we can do in
algebra. It is always legitimate to divide or multiply
1/ This term and others to follow have a special meaning in
connection with the unit method of teaching. Roy 0. Billett,
Fundamentals of Secondary School Teaching
.
Houghton Mifflin
Company, Boston, 1940, p.505.
2/ Roy 0. Billett, op. cit., p.505.
-14 -
c
>h a
-
a..:.
* . 03 .
:
JlrilT ox f Vo jtfa., •
'
v
... V. Of
:
: 1 V V x i . J ..• .. . x oox/a • ’J «i ^ r!
•
r
" or j.
t . .
'
.
•; 1 / r-: r
^
:
-
•.
,
‘
' ivr
. .i .! o . *
•
uii.t .' o, noiJ‘fo.t.V' *. d
*
‘ f
f
: >1: t : . x .ic: In *l'I . V j.Oj...
‘
, y
r
•
•
'
t
' 1 :• J> . K L j. O J 0,0 O •: X'lo- o' I J
.
both the numerator and denominator of a fraction by the
same quantity, because to do so does not change the value
of the fraction; for example, multiplied by x+y, which
o
x
:
y
is equal to 1, becomes * yet i3 equal t0 xtjj
x^-y^ x-y
because any quantity multiplied by 1 does not change in
value. Likewise, to divide Sxy-t-y2 by xty would result
x^_y2
xvy
in the equivalent fraction XM, for the same reason - we are
x-y
dividing by 1.
3
. The process of multiplying fractions in algebra is exactly
the same as in arithmetic. We take the product of all the
numerators for the new numerator, and the product of all
the denominators for the new denominator. We may cancel or
divide out of the numerators and denominators any factors
that are the same in both before we multiply, for example,
jU^rrT (m-n)
# _ 3(m-n)
2m 2m
(jjw-rtf
4. To divide by any quantity in algebra, multiply by its
reciprocal, that is, invert the divisor and proceed as in
multiplication, for example,
1
J. ii_ ; ST - 1
a2
-b2 • a-b S' " 2(a+b)
a+b 2
5. In arithmetic, to add or subtract fractions with like
denominators, add or subtract their numerators only. When
the fractions have unlike denominators, they must be
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changed to equivalent fractions which have the same
denominator before the numerators are added or subtracted.
This is true also for algebraic fractions. In algebra,
however, it is first necessary to factor each denominator
completely first, for example,
£ + _Z_ _ 2; f _JL_ •
x
2
-y2 x-ty (x-y) (x+y ) x-*y
Select, then, each different factor the greatest number of
times that it occurs in any one denominator. In the above
example, (x-y) and (x-t-y) occur only once in either
denominator. The lowest common denominator is (x-y) (xhj)
and is put under one fractional line, as .
(x-y) (x+y)
Multiply each numerator by the factors missing in its
denominator when this denominator is compared with the
lowest common denominator. x has no missing
(x-y?(x+y)
factor so the numerator x would remain the same. x
x+y
has (x-y) missing so j would be multiplied by (x-y). Both
new numerators would be put over the common fractional
line. The result would be x+y(x-y) x+xy-y2 #
(x>y) (x-yT " x2-y2
there are similar terms in the numerator , they are combined,
and the answer is then reduced, if possible.
A mixed expression is a whole number and a fraction. In
algebra it is better to change a mixed expression into a
single fraction before attempting to use it, for example,
b2 a2 -b2
1 — —
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7. In algebra a complex fraction is a fraction whose
8 .
A.
numerator is a fraction and whose denominator is also a
a
fraction, as, la
. This is, however, only one of the
b
a
algebraic methods of expressing division, and the above
complex fraction can also be written a i b # Thus one
way to solve a complex fraction is to reduce the fraction
to a division problem.
Another way of solving a complex fraction is to multiply
both numerators and denominators of the complex fraction
by tbe lowest common denominator of the denominators of
a , b
both parts of the fraction. In b a the lowest common
c a
"5 " c
denominator of the top and lower parts of the fraction is
abc. This i3 multiplied by both parts of the fraction.
as, aoc(§'l~|)
_ a2 e + bg
•*o<§
"t> a
2
c - a^
£. The answer is then reduced to
its simplest form, if further reduction is possible.
Probable Indirect and Incidental Learning Products-^/
Indirect:
1. An appreciation of the value of cooperation with
others in the joint pursuit of a common goal.
2. An increased feeling of self reliance from the wide
latitude given the student in reaching his goal.
1/ Roy 0. Billett, op.cit., p.505
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3. An appreciation of the fact that it pays to be
methodical and accurate in one's work. Carelessness
can be costly in time and effort, not only in algebra,
but also in life.
4. An appreciation of the fact that to attack problems
successfully it is necessary to have a plan of attack,
whether developed by oneself or adapted from someone
else.
5. A feeling of satisfaction results upon the successful
completion of a difficult task.
Incidental
:
1. A knowledge that algebraic fractions are essentially
the same as arithmetic fractions and merely involve
a more extensive application of the rules that apply
to arithmetic fractions.
2. No one part of mathematics is an entity by itself, but
is bound up with many other parts of mathematics. So
this unit is necessary for understanding the work that
follows in algebra as well as to understand the
application of earlier work.
Billet, Roy 0., Fundamentals of Secondary School Teaching .
Houghton Mifflin Company, Boston, 1940.
Boyer, Lee Emerson, An Introduction to Mathematics for
Teachers, Henry Holt and Company, "iJew ^ork, 1945.
Breslich, Ernest R., Problems in Teaching Secondary School
Mathematics
,
The University of Chicago Press, Chicago, 1931.
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4. Butler, Charles H. , and P. Lynwood Wren, The Teaching of
Secondary Mathematics , McGraw-Hill, New York, 1941.
5. Dalman, M. A., "Hurdles", Journal of Educational Research ,
Vol • I, pp. 47-67.
6. Everett, John P., The Fundamental Skills of Algebra
.
Ed.Ph.D. Thesis, Teachers College, Columbia, N. Y.
,
1928.
7. Gay, A. F., Unit Organization of the Topic Fractions in
First Year Algebra , unpublished Ed.M. Service Paper, Boston
University School of Education, Boston, 1945.
8. Hassler, Jasper 0. and Roland R. Smith, The Teaching of
Secondary School Mathematics, Macmillan, Boston, 1930.
9. Lawlor, Ann, "Picturing Fractions", The Mathematics
Teacher", Volume XL, 1947.
10. McGhee, William, Unit Organization of the Topic Exponents ,
unpublished Ed.M. Service Paper, Boston University School
of Education, Boston, 1948.
11. National Council of Teachers of Mathematics, Yearbooks ,
Bureau of Publications, Teachers College, Columbia
University, New York.
12. Sanford, Vera, A Short History of Mathematics . Houghton
Mifflin Company, Boston, 1930.
13. Schorling, Raleigh, The Teaching of Mathematics , The Ann
Arbor Press, Ann Arbor, Michigan, 1936.
Time allotment : --A tentative time allotment of four weeks,
consisting of 20 periods of 50 minutes duration was planned for
the unit on fractions.
Introduction of the unit ; --The introductory talk and discussion
of the unit sought to tie up what the students had learned
earlier in the course with what was to be studied in the unit.
i/
The Unit Assignment
1/ Roy 0. Billett, op.cit., pp. 173-180; p. 281; p. 464; p. 506,
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It was based on several points:
1. The study of fractions, while being a new topic, does
not require any new manipulative skill, though it does
introduce a new form of symbols,
2. Addition, subtraction, multiplication, and division of
fractions are essentially the same as the addition,
subtraction, multiplication, and division of whole
numbers
,
3. Factoring plays an important part in the use of
algebraic fractions.
4. A knowledge of fractions is essential for further work
in mathematics; for example, in fractional equations
and in formulas.
5. In the chapter spent on the use and solution of
formulas, the class had been doing work with fractions,
though in a simple way.
The study guides were given out, and the pupils were asked
to read them. The plan of procedure was then explained. A
diagnostic pre-test, it was explained, would be given to the
class, but it would in no way affect the mark that would be
given at the end of the unit. After the test was completed, the
students could start work on the unit proper. They could start
anywhere in the study guide they thought best and could proceed
at their own speed. The sequence in the study guide was
suggested as perhaps a better approach to the unit than a
haphazard choosing among the items. Ordinarily each item would
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have at least three sources of practice materials: the
practice sheets which were a part of the study guide, the text-
book, and the workbook. They did. not have to use all the
practice material, only enough to insure a skill in the work
at hand. The practice material should, when completed, be
checked with the teacher to insure correct work. When they
believed that they had a sufficiently firm grasp of the item
or items they were working on, they might take the progress
test made up for the items, and upon doing satisfactory work
in it could go on to some other item. Should the work in the
test be unsatisfactory, additional practice work was available
in the texts in the bookcase, and afterwards a second progress
test on the same material could be taken. Listed on the
bulletin board were the optional related activities. It was
pointed out that these activities were entirely voluntary, but
that many of the students might want to work on one or more of
them and report to the class. For this purpose two days would
be set aside for sharing class experiences. On the final day
an achievement test would be given to record their achievement
in fractions. It was also pointed out that from time to time
the class would be assembled as one group and given
instruction on certain parts of the unit that needed it. They
need not, however, wait for these instruction periods, but
could continue on with other work in the unit as they wished.
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Core Activities :—The core activities in which most of the
students were expected to engage were presented to the students
2/
in the form of the following Study and Activity Guide. Only
those items marked with an asterisk were presented to the
students
.
General Directions:—In doing the work listed below you may
work at your own speed and use the practice materials listed in
each item as you wish. Hand in practice work so that the
accuracy of your work can be checked. Take the progress tests
when you think you have grasped the item you are working on.
Do not start a new item until you have mastered the one you are
working on. If your progress test results are not satisfactory,
go back, practice some more and then take the second test. The
optional related activities listed on the bulletin board will
be found in more detail on the five-by-eight cards on the
teacher^ desk. Most of you will wish to work on one or more
of these activities. Check with the teacher when you wish to
do this optional work. The final achievement test will be
given at the end of the unit. For the problems and practice
work, the letter T. before the listed pages will indicate that
y
the exercises will be found in Theissen and McCoy, First
Course in Algebra . The letter N. will indicate that the
1/ Roy 0. Billett, Fundamentals of Secondary School Teaching.
Houghton Mifflin Company, Boston, 1940, p.505.
2/ ibid.
3/ A. D. Theissen and L. A. McCoy, First Course in Algebra,
Loyola University Press, Chicago, 19'36
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exercise will be found in the workbook by Joseph Nyberg.
*1. a. What is a fraction? What is a term? A factor? Can
you distinguish between a factor and a term?
b. Practice work:
(l) T. page 153, examples 1-12,
2. Instruction on the reduction of fractions - 5 to 10
; v.
minutes
•
*3. a. Do you know that it is possible to change the numerator
and denominator of a fraction without changing its
value, for instance, that
^
_
a-b
?
It is the
a2+2ab+b 2 a*b
same as saying that 8/l2 * 2/3. The law of fractions
states that multiplying or dividing both terms of a
fraction by the same number does not alter the value
of the fraction. In the above algebraic example both
the numerator and the denominator were divided by
(atb) thus, - (a = a^h
. Thia
process is called reduction of fractions. It is better,
if the numerator and denominator are not already
factored, to factor each one completely, and then to
divide both numerator and denominator by their common
factors as in the above example. When the numerator
and the denominator do not have any common factor
except 1, the fraction is reduced to its lowest term*
1/ Joseph Nyberg, Tests and Drills in First Year Algebra
.
American Book Company, Boston, 1945*
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Be careful to divide out FACTORS, not terms. To
divide out the b's in the following example #-y s i.y
would he a serious blunder, since b is NOT a factor of
the numerator and so cannot be removed by dividing out.
b. Practice work:
1/
(1) Practice sheet 1
V (2) N. pages 111, 112
(3) T. pages 139 •- 143
c. If you feel you have mastered the above materials take
progress test 1.
4. Instruction on multiplication and division of fractions -
10 to 15 Minutes.
*5. a. Multiplication of fractions in algebra is similar to
multiplication of fractions in arithmetic. The
product of two or more fractions is the product of
their numerators divided by the product of their
denominators, for example, £ • 2 - You should
b d “ bd
divide out any common factors that occur in the
numerators and the denominators; for example,
oMd •
_
= a. To find these common factors it is best
to separate each numerator and denominator into its
prime factors and then divide out, as,
—
= -*-y
. LX-27U-Y) -X-V -
x+y
nFg- u-yTU y = x_,
“ “7 (x-t-yj Ty*
1/ The practice sheets and progress tests can be found in the
appendix.
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b. Practice work:
(1) practice sheet 2
(2) T. pages 153-156
(3) N. pages 113, 114
*6. What is the reciprocal of a number? Do you know that 1 is
a
the reciprocal of a? Keview what you have learned on pages
27 and 28 of your text in regard to reciprocals.
*7. a. Division of one fraction into another is merely the
multiplication by the reciprocal. Thus, £ ^ b equals
c . c
£ • So to divide any quantity by a fraction, invert
the divisor and proceed as in multiplcation, factoring
first, then dividing out wherever possible and finally
multiplying numerator by numerator, and denominator by
denominator, as,
2a
.
4a^ - 2a
4ai-l * 6a+3 " 4a^-‘
6a+3
_ H 3UerT)
“5a2 ^fl)(2a-l) *
2a
-
3
4a2.2a
#
b. Practice work:
(1) practice sheet 3
(2) T. page 158
(3) N. pages 115, 116
c. Take progress test 2
f if you feel sure of the above
work.
8. Instruction on finding the lowest common denominator.
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*-9. a. Fractions having different denominators cannot be
added or subtracted until these denominators have
been changed to their lowest common denominator* This
lowest common denominator is that quantity which
contains each of the denominators and which has the
fewest prime factors* To obtain such a common
denominator first separate each denominator into its
prime factors. Select each different factor the
greatest number of times that it occurs in any ONE
denominator and then write the product of all the
factors thus selected; for example, the lowest
common denominator of (a+b) 2
^
(a+b) (a-b)
,
(a-b) 2 is
(a+b)2 (a-b) 2
.
b. Practice work:
(1) Practice sheet 4.
*10
. a. Have you a firm grasp of item 9? If so, addition
and subtraction of fractions will be easy for you*
In arithmetic only those fractions which have like
denominators can be added or subtracted* This is
true also in algebra. If the fractions do not have
the same denominator, they must be changed until they
do. This is done by finding the lowest common
denominator of all the denominators as was done in
item 9. Multiply each numerator by the factor or
factors missing in its denominator when this
denominator is compared with the lowest common
,•
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denominator. Put all the numerators over one
fractional line with the lowest common denominator
as the denominator and then, after having performed
the indicated multiplications, combine similar terms
in the numerator, for example,
2a 5a a + 2 - 2a(4a+l)i-3a(4a-l) -(a+2)
4a-l + 4a+l 16a^-l (4a+l)[4a-l)
(4a+ 1) (4a-l)
= Qa2+2a-i'12a2
-3a-a~.2 = 20ag -2fl.2 •
16a2 -l 16a2-l
b. Practice work
(1) Practice sheet 5
(2) T, pages 145-151
(3) N. pages 117-120
c. Progress test 3
11. Instruction on mixed expressions - 10 to 20 minutes,
*12. a. What is a mixed expression? How does one change
such an expression into a single fraction? Changing
mixed expressions to single fractions is similar to
the adding and subtracting fractions that you learned
in item 10; for example, to reduce m+ 1+ 2 to a
m
single fraction, it is best first to put those
quantities without denominators over 1 as a denomina-
tor, as, ® 1 ± 2 . Then proceed as in item 10,
1 1 m
getting the lowest common denominator, multiplying
each numerator by the factors of this lowest common
denominator missing in its own denominator, and then
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13.
*14.
putting all the numerators over the lowest common
denominator, as, m2+ itn-2 .
m
b. Practice work:
(1) Practice sheet 6
(2) T. page 161
Instruction on complex fractions - 5 to 10 minutes,
a. Have you ever used complex fractions before? In
substituting in a formula you may have used them
7/lthout realizing it; for example, if p : a
b.
and
1-rt
if a = 5000, r = 6 and t = 4^-, then the above
100
fraction becomes p r 5000 , a complex fraction.
1 -.
100
A complex fraction merely indicated that one mixed
o
expression is divided by another. Thus 6-^ equals
1-5
o 6
( 6-_) f (1-5), and the result is (
-
( 0*5 ) or
3 6 3 * 6
15 • 5 which equals 32. The rule, then, for simpli-
3 1
fying complex fractions is first to reduce both
numerator and denominators to simple fractions if
they are mixed numbers and then to divide, for
example, ^ . / . ae-1 .
a+— ac+1 ^ ac+1 ac-t-1
c
—
c”
Practice work:
(1) Practice sheet 7
(2) T. pages 164 - 168
(3) N. pages 121, 122
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*16.
*17.
18.
*19.
Instruction on alternate way of solving complex fractions
- 10 to 15 minutes.
a. Another and often quicker way of simplifying complex
fractions is to multiply the numerators and
denominators of the two simple fractions that make
up the complex fraction by the lowest common
denominator of their combined denominators. In the
example that follows the lowest common denominator
of the combined denominators is ab, and the numera-
tor and denominator of the complex fraction are both
multiplied by it. h 7 = ab ^h ~ ~ .
f + f ab(f + t )
a+b
b. Practice work:
(1) Practice sheet 8
c. Progress test 4
a. You might like to review what you have done in this
unit before taking the final test. Test yourself in
the exercises below.
b. Practice exercises for review and self-testing:
(1) T. pages 168, 169, 330, 331, 332
(2) N. pages 125, 126
Pooling and sharing experiences.
Pinal test in unit - to be given to the whole class at
the same time at the completion of the unit.
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References for the Students Use :—
1. Allen, Edwin, Dis Maly, and S. H. Starkey, Vital
Mathematics
,
Macmillan Company, New York, 1344.
2. Eddy, W. C., E. S. Pulliam, E. C. Upton, and
G. W. Thomas, Refresher in Fundamental Mathematics ,
Prentice-Hall, Inc., New York, 1945,
3. Hart, Walter W.
,
Basic Mathematics
,
D. C. Heath and
Company, Boston, 1942.
4. Hart, Walter W.
,
Progressive High School Algebra
.
D. C. Heath and Company, Boston, 1943.
5. Hawkes, H. E. , W. A. Luby, F. C. Touton, First-Year
Algebra
,
Ginn and Company, Boston, 1946.
6. Hawkes, H. E., W. A. Luby, F. C. Touton, Second-Year
Algebra
,
Ginn and Company, Boston, 1942.
7* Mallory, Virgil S. , A First Course of Algebra ,
Sanborn and Company, Chicago, 1§43.
8. Mallory, Virgil S., A Second Course of Algebra ,
Sanborn and Company, Chicago, 1343.
9. Nyberg, Joseph A., Fundamentals of Algebra, First
Book
,
American Book Company, Boston, 1944.
10. Nyberg, Joseph A., Fundamentals of Algebra, Second
Book
,
American Book Company, Boston, 1345.
‘
11. Robbins, E. R., and F. H. Somerville, Exercises in
Algebra
,
American Book Company, New York, l3o4.
12. Smith, D. P., and L. Fagan, Mathematics Review
Exercises
,
Ginn and Company, Boston, 1940*
13. Wells, Webster, and W. W. Hart, Modern High School
Algebra
,
D. C. Heath and Company, Boston, 1923.
14. Wentworth,. G ., and D. Smith, Academic Algebra . Ginn
and Company, Boston, 1913.
Optional Related Activities :-^
1. Are you interested in music? If so, you might want to
l/ Roy 0. Billett, Fundamentals of Secondary School Teaching ,
Houghton Mifflin Company, Boston, 1940, p. 507.
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report orally or in writing on the usefulness of
fractions as shown in the musical scale; for example,
the ear of man has for centuries recognized that,
when their frequencies are in the ratio of 4:5:6,
three notes are harmonious* Such a combination is
called a major triad* 7/8 and 10/9 are major tones
and minor tones, respectively. Why? Consult the
Encyclopedia Brittanica or some book on the theory
of music for possible explanations.
2. What relation exists between fractions and decimals?
Could you explain to the class how one would attempt
the changing of fractions to decimals and vice-versa?
What about a chart showing the corresponding values
of decimals and fractions at a glance, for example,
1/100 =
.01; 1/50 r . 02, etc?
3. How did the riomans handle fractions? The Egyptians?
The Greeks? Other ancient peoples? Maybe you would
like to report to the class on the history of the
development of fractions and how the present day
fraction evolved. You will find some help in the
i/
First-Year Algebra
,
by Hawkes, Luby, and Touton.
Look elsewhere, too, for further information on this
subject.
• I
l/ H. E. Hawkes, W. A. Luby, F. C. Touton, First-Year Algebra
.
Ginn and Company, Boston, 1946.
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4. Are fractions used much in every day life? You
might want to compile a list of uses and report back
to the class on them. Check your daily newspaper for
material on such fields as sports, cookery, astronomy,
and the currency.
5. Have algebraic fractions any use in science and in
higher mathematics? You might check one of your
science books to see what formulas are in the form
of algebraic equations, or look ahead in your
algebra texts to see to what use you can put the
knowledge you will have acquired* The class would
like to know what you find.
6. You might like to try your hand at making out one
or more progress tests on any of the main
divisions of this unit. You can find ample material
in the texts available in the class room. A set of
answers for the tests should be also prepared. If
time permits, we will test the class with your tests.
7. If you had little difficulty with this unit, maybe
you would be interested in doing some advanced work
in fractions and in explaining what you have learned
to the class. One such topic would be a study of the
signs of a fraction as found in A First Course in
Algebra by Virgil S. Mallory, on page 316; or in
l/ Virgil S. Mallory, A First Course in Algebra
,
Benjamin H.
Sanborn and Company, Chicago, 1943*
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your workbook on pages 123 and 124*
8* Report to the class how ease in using algebraic
fractions depends in a large measure on factoring*
You can do this by taking examples of fractions which
make use of factoring in their solution, identifying
the type of factoring involved, and then showing the
solution of the fractional problem*
9.
How have the symbols for fractions changed through
the ages? What symbols did the Greeks and Romans
have? Where did our symbols come from? The
Encyclopedia Brittanica has a lot of information
that might interest you enough to give a report to
the class. /-
10. Do your hobbies or outside interests involve a
knowledge of algebraic fractions, especially as found
in equations? Photographers use such formulas as
H =
;
U = (1 + 1); and X = (p)^« If you are
12f m
interested in photography, you might report to the
class on other fractional equations used in photo-
graphy, or on the use of any equations used in your
hobby that require a knowledge of algebraic fractions
for solving.
11. Prepare a talk or write a paper on any worthwhile
activity annected with fractions or mathematics in
general that has come to your attention during the
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class periods devoted to the study of fractions.
Obtain the teacher's approval before going ahead
with the work.
Evaluative Activities :—Besides the progress test given during
the course of the unit, the following pre-test was administered
to the class at the beginning of the unit to determine what,
if anything, the pupils knew about the topic. The same test
was given again as a final achievement test to calculate
gains made by each pupil. One period at the beginning and
one at the end of the unit were allowed for the tests. A
separate set of instructions accompanied both the pre-test
and final test.
Instructions (pre-test): This pre-test will have NO effect at
all upon your mark in algebra. Actually, you are supposed to
know little, if anything, about algebraic fractions. A final
test will be given at the end of this unit in fractions to
find out how much you have learned in the unit. Do all the
items. If you find any items difficult, do not spend much
time on them,but pass on to easier items and later return to
the ones omitted. Remember: THIS TEST DOES NOT COUNT IN YOUR
MARK IN ANY WAY.
Instructions (final test)
:
This test covers the materials you
have studied in the last four weeks, and your achievement in
it will represent how much you have advanced in algebraic
fractions. Work quickly; answer all items. If any item seems
somewhat difficult, pass over it and return to it after
)%- . ' :
. .
.
. . i 1
,
-•
r ii •
f *> Fir
.
.
Qj ' •. ' i
•„ i
.
"O', f; 0< rr 1
;
‘
' • i
t - — X :/. :
r%
i
. !
.
: , r r ,y r;<
j- •
... V.
. v
::
1
,
.. A i- J
.
1
35
finishing the easier items.
Place in the blanks to the right a check mark (§/) ,if the
statement is true and a cross (X), if it is false.
1. a+3
_
3 1
a+2 2
2. a^-9
_
a 3 2
a2
-6a +9 a“^
3 . 3a+b 3
~5 = atb
4. a-c 1 4
a^Tc2 a+c
5. b is a factor of be + a 5
6. 6 is a factor of 6(a+b-3) 6
7. (r+s) is a factor of rs (r-s)(r+s) 7
8. r2
_
r 8
r+s ” s
9.
_ aSt5a 9
o
10. a+b
_
10
a+b ~ 1
Reduce to the lowest terms:
11. 9 11
T5
12. a^b 12
ab2
13. a(a-t-b) 13
(a+b) (a-b)
14. 3 14
:.
ecr'U l int.rt
r«
-
-
I adtf otf ©c
-wfceH
A
•f
P
.
15. 15
ax
16. a2 -25 16
(a-5) 2
17. m2
-bi-56
m2-49
17
18. 2
25^4
18
19. m 19
m2+ m 3
20. 21a2b
*
'>>, 20
28ab2
^J(
Pill in the parentheses so that the following expressions
are identities (of equal value)
•
21. a a2mn
b (<2 i- rr- )
21
22. a-b a2 -ab
a*b — ( )
22
23. x-y ( ) 23
x^y2 x+y
24. 3 15
4 - T~)
24
25. 3m ( ) 25
"5n 16nx
Divide out (cancel) wherever possible by putting a line
through the quantities to be divided out, for example.
^ • * 4 n
26. 3 4 6
T* 5 * 8
27. a b c
•5 + o
+ 5
28 • a
T5 • c
29. 9 4_
16 ** 12
30. 7 16
3 * 21
31. x+y
x
32. x_
xTxTyT
33. x2-72
* 5SO P
~
x^+y^ y
34 . xy2 x3“
• TTYksY
35. (x+y) (x-y)
_
1
x*y Tx-y
)
36. ( 3a-l) (5a+l) a-4
(a-4)( a+4) * 3a-l
37. 3 ( a »b ) 4(a-b) 2
2 ( a-b )
*
5(a+b)
38. a o
B * b
9
2
• x*
• 2
+ X2X
40

Give the reciprocals of the following:
41. 15 41
17
42. ac 42
Fa
43, a2-b2 43
a*Vb2
44. a2-2ab+b2 44
x+y
45. 1 45
a
Write in the space to the right the lowest common
denominator wherever it is necessary to obtain one. If you
think none is needed, leave the space blank.
46. 9 3 46
16 * 4
47. 5
.
6 471*8
48. a 3 43
F - c
49. X 7 49
y x
50. (x-y) * (x+y) 50
(x+y) (x-y)
51. *Z72 2:2y
2 51
X y
52. (a-b) (a+b) 52,
(a+b) Ta^FT
53. 1
^
2 53,
6x2y3 9x
4y3
f
• *
: r.T
. / :•
© . :*
s* .5
.
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54. a b 54
a
-b^ a-b
55. x y 55. . •• ... . •
•
x^-y2 x2
-2xy+y2
In each of the following exercises complete the second
by completing the operations indicated in the first fraction,
56, 7a . 6b 21ac t-
"5b 3c
— 15bc
57, x # 3 _
y y
“
y
. _ ab
—
-r —p — —
—
C C
58, ab , c
c
59. b
a=S ^ ITS =
a
2+b2
60.
_3_ # __
x-y x+-y =
61. a . b
62.
E + o = "To
-1- + -1- - +
x-y x+y - x2-y2
63 . ab . c ab^-t- c2+
—rr —
5* =
64. a
,
c a-rc
5 + E =
65. a c
E ~ d = TT
Change the following mixed expressions to single fractions,
1 Q <2 "Jfor example, a — — — - - 7.-. •
a a
66
.
1
- | 66,
-«
i r .
67 . 1
68. 4
- 1
69. 3 2 n
a*
5 a
70. 3 |
71. x* 7
x-y x-y
72. 1 - 2
X
73. 1 - - - %m mr
74 . ^ |
75. 1 |
67
68
69
70
71
72
73
74
75
Simplify the following complex fractions.
76. J[
b
5
78. _af
1
a
79. a
"
'
—
.
1
“atT
a75
76
77
78
79
80 80
,0 X j :
.
•
a
«
In reducing complex fractions, one procedure is to
multiply both the numerator and denominator by the same
quantity. In the following exercises place the proper quantity
by which the numerator and denominator should be multiplied
to reduce the fraction in the blank to the right.
a
81. E 81
nr
c
82.
1
2 82T
I
83.
a-b
a+5 83
a-b
a
84. 1 “ B 84
85.
i-i
a
2
S5 85
c j • V V . > J.
I ’l' ~ t t r . 5 ‘ 03 r.ii < ;• • 3,. B*L63(lSt . fU ...* i v:
-
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CHAPTER III
TEACHING THE UNIT
~ This unit on fractions was taught during twenty class
periods extending from the sixth of December to the eleventh
of January. It was broken up for a week and a half by the
Christmas Vacation.
Report Based on the Log
In both classes the introductory talk was given in the
last twenty minutes of the final period devoted to the work
immediately preceding the unit on fractions. The study guide
was given out for inspection and comment* One of the students
inquired whether they would have to find out everything from
the guide and the tests, and, upon receiving the reply that
explanations would be made as the items were completed, he
seemed relieved. When the progress tests were explained, the
remark, "i'll know where I stand right along now and won’t have
to wait for a month to find out." was made by one of the
students. The practice sheets were arranged in the guide with
the first sheet last so that they could be removed in order.
Upon being told that they could work around tables in the
physics room, several openly expressed their preference to do
so rather than to work in the regular class room. Many of the
students went right to work on the practice materials and
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seemed challenged by the questions in the first items.
On the first day, when the pre-test was given, anxiety
was again expressed by the students that the test might count
against them. They were, however, reassured and then made no
more objections. Nearly all the students finished well before
the testing time had elapsed. This was expected since in the
trial test given earlier the students tested had finished well
under the time limit. Besides, at this point in the unit,
many of the answers were the result of pure guess work and so
not very time consuming.
On the second day instruction in the reduction of frac-
tions was given, and item two in the guide was explained with
special emphasis on the difference between factors and terms.
As the students began working on the unit, the tendency at
first was to work by themselves, but gradually committees
began to form discussing problems. Quite a few questions
about correct answers arose, and the answer books to the texts
and to the workbook were made available to facilitate
checking the problems. This gave the teacher more time for
individual instruction and allowed the students to go ahead
more surely since they could check their work as they advanced.
On the third day the students entered the room and
immediately went to work in groups without any direction from
the teacher. In one of the classes two students signified
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that they were ready for the first progress test; in the
second class, three took the first progress test.
By the end of the first week ten of the fifteen students
in one class had taken the first progress test, and of these
one had failed to do satisfactory work. In the second class
progress was slower, and only three had completed the first
progress test. It was noticed that several students who
previously had done little or no work in class began to take
interest in the work and to ask quite a few questions about
individual problems. At one point, when several of the
students had committed the same error in similar problems, the
whole class was given an explanation of the principles in-
volved. Thus, at the end of the first week, the students were
just beginning to get used to the method. Several lacked
confidence in their ability to do the work, and, though they
thought they were ready to take the first test, wanted to
postpone it for another day* One student, upon being pressed
by another to take the first progress test, replied, "There*
s
no sense in taking the test until I*m ready, and I’m not ready
yet." The students, as can be seen by this reply, were
becoming alive to their progress or lack of progress.
On the first day of the second week, twenty-two of the
students had requested to take the first test, and three, the
second test. A quickening interest in the tests was noticed.
Several students failed to do satisfactory work in the first
test but, after more practice, passed it, going on to the next
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item* By the end of the second day of the week only three had
not passed the first test. Since most of the students had
completed the second test by the end of the second week, the
class was assembled for group instruction upon items nine and
ten in the activity guide, which were concerned with addition
and subtraction of fractions.
At the end of the third day of the third week the class
was dismissed for the Christmas vacation. The day on which
they returned was devoted to group instruction to review the
work finished and for instructions on item twelve of the guide.
By the middle of this week all had passed the second test and
more than half, the third test. One student had completed the
fourth test and had become interested in the optional related
activities and in aiding the teacher check the work of the
other students. On the last day of this week the class was
assembled for instruction on complex fractions.
On the first day of the last week the instruction on
complex fractions was repeated at the request of several of
the students, and instruction on the alternate way of solving
these equations was given. By the second day of the week most
of the class had taken the last test, and on the third day the
remainder passed the test and worked on the review problems
or on the optional related activities.
The nineteenth day was devoted to the pooling of ex-
periences. Since ten of the students had done optional
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related activities, a program had to be arranged so as to
include all these activities and to summarize the work of the
unit. Since there were but few students in the first class,
an open discussion for about twenty minutes during a class
period was sufficient to plan the program. In the other class
four of the students met with the teacher for this purpose,
while all the students had an opportunity to make suggestions
to these students. The program was essentially the same in
both classes.
(1) Introduction by the teacher
(2) Oral reports by the students
(a) Use of fractions in music
(b) Use of fractions in physics
(c) Importance of factoring in fractions.
(3) Presentation of diagram showing the relation
between decimals and fractions
(4) Board talk showing the change of the symbols in
fractions through the ages
(5) The teacher answered any questions relative to
algebraic fractions and then summarized the unit.
(6) The final ten minutes were used to record the
reactions of the class to the unit by filling out
i/
the inquiry form.
l/ The inquiry form filled out by the students can be found in
the Appendix.
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During the program, points missed by the students or not
stressed in their reports, were pointed out and emphasized by
the teacher.
Several students had prepared tests for one or more parts
of the unit, but time prevented the giving of these tests to
the class.
On the twentieth day the final achievement test was given.
Fifty minutes, as in the beginning, were allowed for the test.
Class Reaction from Inquiry Form
In answer to the first of the questions on the inquiry
form as to what they liked most in the unit, the students
made varied replies. Two were definitely against the method,
preferring the traditional type of presentation. Of these
two, one was up among the leaders of the class, tv/enty-five
years old, a conscientious worker, slow in grasping new ideas
but thorough in his assimilation of the matter. His remark
that algebra should be "pounded in" probably gives a clue to
his disliking the unit method. His whole school background
was most likely of the traditional type, and he found that he
could not adapt himself readily to this departure from the
"lock-step"
.
The second student had been doing good work in class,
was fairly quick in grasping ideas, and preferred to work alone.
Possibly he felt that the other students were a drag on him,
since he was consulted frequently during the unit by other
students. The rest of the students liked the method chiefly
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for three reasons: the working together, the informality of
the class, and the working at their own speed. Other replies
included the practice sheets, the progress tests, and indi-
vidual instruction as the reasons why they preferred the method.
*
A few of the replies follow.
”1 particularly enjoyed having the time for learning
that part of the unit which I could not naturally grasp
quickly. I think that your outline of tests pushed me to
further home study than I had done during the first term
when I depended mostly upon my classwork for coverage of
the subject.”
"The practice sheets and the way they gradually built up
to longer problems • "
"Time to figure out the right way to do the problems."
"It was up to the student himself how much he would
progress .
"
"Able to learn through asking questions of classmates."
"The manner in which the work was laid out."
The students were less sure of what they liked least in
the method as presented. Many left this blank or wrote in the
word"Nothing. " Of those that did answer, the majority seemed
to think that there was not enough explanation of the work.
Some of the answers follow.
"The informality of the class. Often the talking,
questioning, or general noise of the class distracted
my train of thought and I had to start a problem over."
"Leaves studies up to the pupil too much."
"I missed seeing the problems put in black and white
on the board and each step explained thoroughly."
"Lack of time instructor had to help the individual
student.
"
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As to what they found interesting, two answered that
they found nothing interesting. The remainder of the class
had almost as many answers as there were students answering.
Some found the whole unit interesting, others, only parts.
Samples of the answers follow.
"Being able to get individual instruction."
"There was more discussion so you could find out what you
were doing wrong."
"The work sheets."
"It was to me an unique style of teaching."
"You were able to do all kinds of problems and you were
unable to miss any types."
Of the few who answered that they found parts of the unit
uninteresting, two-thirds mentioned addition and subtraction
of fractions. The other answers included complex fractions,
finding the least common denominator, and multiplication of
fractions.
To the fifth and sixth question most of the students
answered that everything was useful and that nothing should
be left out. A few of the answers to what they thought
useful follow.
"To think for yourself."
"Practice sheets."
"Ability to look over previous work easily as you went
along."
"Group work."
"I found the activity guide quite useful when I was in
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doubt about the process of solving a problem."
A few of the answers that differed from the general
answer of "Nothing" to the query as to what they found useless
in the unit are:
"Too many tests."
"Complex fractions."
"Reducing fractions to their lowest terms".
The same two students who stated that they disliked the
method also stated that they found the method made parts of
the unit more difficult than they thought they should be. The
rest of the class disagreed. A few of the answers follow*
"Finding the lowest common denominator."
"There was not enough time to do all the work."
"More work had to be done by the individual himself."
Most of the students in reply to the ninth question
answered that the unit did make the matter easier.
"About half-way through the unit, I found several
obstinate problems. I doubt that I could have been
straightened out in the little time that regular
classes would allow."
"it was easier to solve problems working with others."
"Especially complex fractions."
"We had more than one person to ask if we were stumped."
Likewise most of the students stated that they preferred
the unit method to other methods of teaching algebra. Two
did not, preferring the traditional method. A few of the
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answers follow.
"No, algebra has to be pounded In."
"I prefer this method because the class as a whole gets
more practice work."
"Yes, because if you didn't understand, you could have
the teacher explain it."
"Yes, we are allowed more freedom, and I think we get a
lot more done."
"This method is better, it doesn't hold you back if you
catch on to a section faster than the others do."
Pew suggestions were made by the students for the
improvement of the unit. The few that did reply suggested
more group instruction and a greater use of the blackboard.
A few of the replies follow.
"Perhaps the use of the blackboard combined with
this method would improve it in many ways."
"A modifi^i program based partially on this and the
previous system might be better."
"I think a week in the class room learning the mechanics
of the work and then a week in the lab applying the work
would help."
"I think that a sheet like the study guide with simple
letters or numbers forming elementary problems of each
type* having about three examples of each type fully
solved would prove invaluable to a slow student."
Results of Testing
As was pointed out in Chapter I, the pre-test and the
final achievement test given the students were the same. This
plan was not announced to the students so that the gains made
during the teaching of the unit could be better computed.
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In the pre-test the scores ranged from 15 to 57 with a mean
of 30.7 and a standard deviation of 10*11. The form of the
frequency distribution was skewed slightly to the left* This
is shown in the histogram of the pre-test scores found on
page 53. In the same test used as a final test the range
extended from 39 to 84 with a mean of 63.84 and a standard
deviation of 14.04. The form of the distribution was also
skewed but this time slightly to the right. The gains as
computed from the pre-test and final test ranged from 15 to
52 with a mean gain of 35.12 and a standard deviation of
10.47. The form of the distribution followed fairly closely
the normal curve of distribution.
'
Histograms of the pre-test, final test, and gains can
be found on the following page. Note should be made in the
histogram of the pre-test of the extreme deviate in the upper
part of the scale.
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The scores and gains obtained in both the pre-test and
final test follov/s in table 4.
Table 4. Pre-test and Pinal Test Results
Pupil Pre-test Final Test Gain
(1) (2) (3) (4)
1 26 63 37
2 28 65 37
3 22 71 49
4 51 74 23
5 15 55 40
6 57 83 26
7 46 67 21
8 36 80 44
9 38 80 42
10 53 84 31
11 32 67 35
12 29 77 48
13 21 40 19
14 15 46 31
15 25 64 39
16 20 54 34
17 25 41 16
18 31 57 26
19 34 73 39
20 43 83 40
21 26 73 47
22 40 77 37
23 19 57 38
24 27 55 28
25 33 82 49
26 51 79 28
27 23 45 22
28 36 51 15
29 24 64 40
30 25 42 17
.'
4
Table 4 Concluded. Pre-test and Final Test Results
Pupil Pre-test Final Test Gain
(1) (2) (3) (4)
31 28 69 41
32 28 68 40
33 25 45 20
34 30 69 39
35 25 54 29
36 28 65 37
37 23 64 41
38 17 39 22
39 39 60 21
40 36 80 44
41 26 43 17
42 42 60 18
43 28 80
*
52
Mean 30.70 63.84 35.12
S. D. 10.11 14.04 10.47
The progress tests were four in number, each dealing
with one or more items of the delimitation. In the first
two progress tests only six retests were necessary. In the
third and fourth test, however, the retests were more
numerous, being ten in both the third and fourth progress
tests. In Table 5, which follows, are listed the scores
obtained by each student in the four progress tests. Each
test had fifteen items and those getting less than ten items
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correct took a retest listed in the table as lb, 2b, 3b, and
4b.
Table 5. Progress Tests Results
Pupil Tests
la ID 2a oa 00 4ta
(1) (2) (3) (4) (5) (6) (7) (8) (9)
1 12 15 13 12
2 12 15 14 11
3 14 13 10 15
4 14 15 15 14
5 6 14 12 9 10 7 12
6 14 15 14 13
7 11 13 13 13
8 14 15 12 15
9 15 14 14 15
10 15 14 14 14
11 11 12 11 14
12 11 14 11 11
13 7 10 11 12 8 11
14 10 9 10 9 10 8 10
15 15 12 12 12
16 9 10 15 7 10 9 12
17 10 14 4 10 7 10
18 5 10 10 10 7 11
19 15 14 11 11
20 15 15 13 13
21 14 14 11 10
22 15 15 11 12
23 10 14 10 10
24 12 12 7 10 12
25 15 15 14 10
26 15 15 14 15
27 15 11 8 10 7 12
28 13 14 14 11
29 15 13 12 11
30 11 15 13 11
.-
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Table 5 concluded. Progress Tests Results
k.— ' - — —
Pupil Tests
la • lb 2a 2b 3a 3b 4a 4b
(1) (2) ( 3 ) ' (4) (5) (6) - (7) (8) (9)
31 13 15 10 11
32 13 12 14 12
33 12 9 10 9 10 7 11
34 11 13 9 12 12
35 11 14 10 11
36 15 15 12 10
37 12 14 12 10
38 14 12 11 10
39 15 12 10 12
40 12 13 9 13 13
41 15 12 11 8 10
42 15 14 13 14
43 15 11 8 10 7 12
Teacher's Reactions and Conclusions
After the initial test was completed and the class launched
on the work of the unit, the teacher noticed that the old-type
teaching was reduced to a minimum. With most of his activities
consisting of helping individual students, no longer did the
teacher feel he was grappling with vague, general problems,
but with definite, special problems peculiar to each of the
students. The teacher became less necessary as time went on
except for reference or guidance. A lack of marking time,
too, was observed since as soon as any one student finished
a task, he went on, not waiting for the rest of the class
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to complete the task. Since the assignments did not depend on
the teacher hut upon the progress of the individual student,
the students that were occasionally absent found that such
absences were but small handicaps to their progress since
they were able to keep on with the unit outside of class.
One of the chief advantages noticed was the constant
diagnosis of errors and reasons why the students did not do
satisfactory work in the practice materials and in the progress
tests. In the usual type of teaching only general errors
were treated, but in the unit each student had his own clinic.
Another advantage noted was in the fact that the progress
tests kept each student aware of his progress in the unit and
of how he compared with others in the class.
At one point in the unit the teacher, after correcting
the progress test of one of the older students, asked M-m
what he thought of the unit. He stated that he found the
work more challenging and much easier to do in the unit method,
expressing surprise over the fact that such a method of teach-
ing was neglected. He had gone ahead by himself and done
considerable work in fractions from the advanced texts in the
class room. He said that he was helping several students in
second-year algebra do their work. Previous to the unit the
student had been doing just fair work, but with the added
individual attention had advanced very rapidly. This was a
source of satisfaction to the teacher, for, though he saw a
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definite improvement in the students, he liked to know that
some of the students were aware of the same improvement in
themselves. In the teacher* s opinion the greatest advantage
accrued to the older and more mature students who made
tremendous strides forward because of their intense personal
efforts and drive.
Since the unit was an isolated section in a whole course
and depended in great measure on matter previously taught for
its success, and since the number of students was necessarily
small, it is hard to make an accurate evaluation of the unit.
The students found the unit an entirely new experience in
their lives and required some time to become adapted to it.
Some never did become completely accustomed to the idea that
they had to work by themselves and that their progress de-
pended on their own achievement, not on the work of the major-
ity of the class. Previously, when a majority of the students
had mastered a topic, the whole class moved on and those not
ready followed in the wake. Now, those who mastered a section
f
moved on; those who did not remained where they were until
they did. For this reason many, not fully realizing that
their progress depended on their own efforts, wasted
considerable time at the outset of the unit. As the unit
progressed, these students began working much harder than they
had previously done to make up the time lost. A second unit
would find these students in a much different frame of mind
and would be much more effective in presenting the material*
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CHAPTER IV
CRITICISM AND SUGGESTIONS
FOR IMPROVING THE UNIT
During the teaching of the unit and the reviewing of the
work accomplished "by the unit, several criticisms and
suggestions for improvements suggested themselves or were
suggested by the students or by fellow teachers.
In the Study Guide :—In the first part of the guide, possibly
as Item 1, a section should be included to cover the Order
of Operations, explaining what steps should be taken in
handling problems that contained several operations, for
example, addition, subtraction, multiplication, and division.
This would make the handling of problems involving several
different manipulations much easier.
In Item 3, a, a more detailed explanation of the fact that
in the expression $-y , the b's cannot be divided out because
b is not a factor but a term. The difference between terms
and factors was carefully explained in an instruction period,
but it should be more in detail in the study guide. Several
students mentioned to the teacher that they would have liked
a more detailed explanation.
Many more questions should be present in the guide. The
students responded more to the challenge of questions than to
-60 -
U:e r ia-leve o .JlflB
.
.
..
.
.
Xb'isv . c '
'
' -
ld0'- - ' '
.
.
ro ft : KM *'*. - * -’ir * '
:
.
'
'
•
!C; 1
.
anything else in the unit.
Possibly a tentative time schedule should be set up as
a guide by which the pupils could gauge how rapidly they are
progressing in view of the total work to be completed. This
might read as follows: You should plan your work so that you
finish Progress Test 1 by the end of the first week. Progress
Test 2 by the middle of the second week, and Progress Test 3
by the middle of the third week. This will allow you ample
time to complete the fourth test, review what you studied
during the unit, and do whatever optional related activities
in which you might be interested.
An answer sheet should be prepared for the practice
sheets in the study guide. The lack of such a sheet was felt
to be a handicap to the progress of the students. Most of
the students preferred the practice sheets to the other
materials available for practice since the practice sheets
were prepared for the unit and followed the sequence of the
unit. It is felt that answer sheets would materially aid
the students by saving their time and that of the teacher,
thus allowing him more opportunity to give individual help.
Answer books for the other two sources of practice materials
were available and were found to be extremely useful.
In the Optional Related Activities :—The optional related
activities were not quite satisfactory, but in a restricted
subject such as algebraic fractions it is difficult to
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discover enough, interesting activities to attract many of the
students. Prom Table 3, page 4, it can be seen that the main
interest of the class was sports. To have a variety of good
optional related activities based on such interests is well
nigh impossible since algebraic fractions have little in
common with sports. Possibly extensive research into the vari-
ous professional fields, such as mechanical engineering,
might discover for the teacher items that would appeal to the
students for optional work connected with fractions.
The most popular of the optional related activities were
the history of the symbols and the preparing of tests for the
unit. Several students did excellent work preparing these for
the class. Those who did optional related work completed
their core activities first. In fact, since more than half
of the students were busy up to the middle of the fourth
week with their core activities, little time wa3 available
for many of the students for other work. For this reason it
might be advisable to extend the time of the unit five days
and encourage the students to start their optional related
activities earlier since they would have ample time for their
core activities by the addition of five days*
In the Classroom ;—Although the physics laboratory was much
superior to the regular classroom for the teaching of the
unit, it was far from ideal. The larger of the two classes
found that the room was still too small to achieve maximum
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rapport among all the members of the class. The tables were
set a little too close together for ease in movement and so
discouraged much movement during the class period. The room
in which the unit takes place should be even larger than the
physics room available for this unit, or fewer students should
be in the class. For the smaller class the room was ideal
so far as space provisions were concerned. The atmosphere of
the physics room was not especially fitting for a mathematics
class. The room should be devoted entirely to mathematics
and contain equipment essential for such classes.
During the teaching of the unit, whenever it was
necessary to give group instruction, the classes were
assembled in the original classroom since more blackboard
space was available there. It would have been better if the
unit were taught in one classroom with enough blackboard space
to allow demonstrated problems remain in sight for some time -
problems in addition to those in the study guide. Certain
problems in the practice materials were demonstrated to the
class on the blackboard with good effect since they had
proven stumbling blocks to many students. Possibly, in an
answer sheet these problems could be worked out and given to
the student for reference, or else they should remain in view
long enough on the blackboard to be completely understood.
In the Progress Tests :--The progress tests on the whole proved
satisfactory after certain remedies were applied while the unit
was under way.
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After the first progress test was taken and completed, a
*
systematic cheating in the second sets of tests began to
appear* Answers and solutions of problems were passed on
from the first students who took the tests to those who had
not taken the tests. To combat this it was necessary to have
a great number of tests of the same kind. Because it was not
possible in so short a time to prepare separate tests for
each student, four additional tests were made for Progress
Test 3 and Progress Test 4. These, together with the two
originally prepared, gave the teacher six tests for each of
the two remaining sections. The signs in each of these tests
were changed enough so that no two tests had the same answers.
This proved satisfactory since the students, when they saw
that each test was different, for the most part gave up the
hope of getting the work from someone else and depended on
themselves.
In the third progress test, problems dealing with changing
mixed numbers to fractions should be included. Practice
Sheet 6 contained material for changing these mixed numbers
to fractions, necessary in handling complex fractions
successfully. Since such problems were similar to those of
addition and subtraction of fractions, they were purposely
omitted from the progress tests. As a result this practice
sheet was skipped by many of the students when they found
they would not need it for the progress tests.
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In the Pre-test and Final Test :—Several of the items that
required no positive response, such as many of the items from
46 to 55, should be altered to require the student to put a
check mark in the places where no answer was previously
required. Many of the students, failing to do any of the
items in this section, received credit for not putting in
any response though evidently they had no knowledge at all
of the skills being tested.
The pre-test and final test proved a satisfactory indi-
cation of the knowledge obtained by the students in taking
the unit and was sufficiently diagnostic to give the teacher
a good idea of the sections of fractions that would require
retreatment before the class would continue on in algebra.
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A. A Sample Inquiry Form Filled out by Each Pupil
»
1, What did you like most in this method of teaching?
2. What did you like least?
3.
Was there anything you disliked in the method?
4.
What did you find interesting in the unit?
5.
’What did you find uninteresting in the unit?
6* What did you think was useful in the unit?
7.
’What did you think was not useful - should be left
out?
8.
Did you find that the method seemed to make any
part or parts of the unit difficult? Mention which
ones
.
9.
Did you find that the method seemed to make any part
or parts of the unit easy? Mention which ones.
10.
Would you prefer this method to other methods of
teaching algebra you may have had? Why or why not?
11.
Have you any suggestions for the further improvement
of the unit?
12. Have you any dher comments you might want to make on
this method of teaching?
..
.
.
.
B. Practice Sheets
Practice Sheet 1
Reduction of Fractions
Reduce the following fractions by dividing out (canceling)
all factors common to the numerator and denominator, for
example
,
2 x
1. 18 1
*5
2
, 7
_
2
28
3 •
,
ab 3
ac
4. 7ax 4
14bx
5. 2ab2 5
3b2
6. 48x3y2 6
72x2y3
7. a(a-x) 7
a2 (a+x)
a6+a
x
a
2x

12. a2+2ab+b2
a<-b
12
13. ab
ab+ac
13
14. 3a2-13a+27 14
3a2-6a-9
15. x2
-3x-10 15
x2+ x-30
16. a2-3a-23 16
a2
-a-42
17. 6a+6b
6a
17
18. m-n
m2-n2
13
19. 3ax+2a2
6ax-t-4an
19
20. (x+2) 2 20
x2-4
Pill in the parentheses of the following expressions so
that both fractions are identities ( equal to each other ).
21. x-7
__
x2
-xy
x+y “ 1 )
22. x2 -4
_
( , )
x2
-4x-4 " x"2
23. a abc
15
33
T T
24. a (x-2)
_
1
a2 (x-2)
—
^
-. v>{ , ‘A : . r --C -
X
-
z25. xyz

Practice Sheet 2
Multiplication of Fractions
Find the products of the following, for example, 3 x-y
x* 7
3x-3y
1. 3 5
¥•6 1
2. 6m na
n * m
2
3. a-3 36 312“ * ^5
4. 16. a“^ 4
5. a+b b2
b
~
* ala+b)
5
6. a +b a2 -b2
a-b * a+b
6
7. 3a-ab 3
6a2b * 9~b2
7
8. a2 -l a2+2a
—n—
•
a^-a a tf-4
8
9. 3a-6 a2+3at2
6aVS * a2 -3a+2
9
10. b2-6b-16
.
b2-8b+15
^+^-21 b2 * 9b+ 14
10
11. 3n2+5n+2 3n2 -5n+2
9n2 -4 n2-l
11
12. a4-b4
.
a-b
a2-2ab+b2 a+b
12
J •
-
-
—
<
1313. 1-x2 4x-3
^6 * TOE
14. 2(a-3) 2 5a -10
3a2-12 2a“6
14,
15. x4 -y4 3
x2+y2 2x
2
-2y2
15,
16. a2 -7a+10 3a2-KL5a a2«2a
3a+b a2-25 a2-4
16,
17. 6xy2 18a-6ay y2+5y+6
18y-2y3 * lSay+6x
' 18ay
17
18. x2-x-2
t
x-1
x2-2x+1 x+^
18
19. 9x2-1 x-4
x2.16
' 3x+1
19
20. 3y-15
2y+8
_
2y2-32
3^-75
20
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Practice Sheet 3
Division of Fractions
Write the reciprocals of the following, for example.
x x-y
1. 3 1.
7
2
.
a 2.
b
3* a+1 3
•
HT
4. a^-ab+b^ 4.
a-b
5* a+b 5.
a-b
6. 9x2 -4 6.
6x2
-* llxt3
7. n^-4 7.
n+3
8. 5an 8*
9. ab 9.
b2
10 • 3a 10 #
9-n2
Perform the indicated operations. for example. x
_
x2
y * y
2
lx
- 2 A 210 • 5
11

12. a . ab
b • 1,2
12
13. lOa^b3 . 5a3
15c3 * 18c
13
14. 3a+3b . a2*ab
5a-6b • ac-bc
14
15. 3b . 18bc
9-c2 * c2 +5c+6
15
16. 4x2-4x-3
. 4x2-9
4x2-1 * 4x2+4x-3
16
17. 2a2-5an-3n2 « 10a2i*5an
n2-9a2 * 3n+-9a
17
18. a5-a . a3+a
a4-4a2+3 * a4b-3a2b
18
19. a2-16
. a-4 19
4a2-tl6 * a2+4
10o
. 3x^-12 . 2x3-8x^ • x2-2x-15
x2+ 6x+9* 2x3-10x2 * x3
-9x
20
o51
«
...
'
.
.
:
O'
*
Practice Sheet 4
Finding the Lowest Common Denominator
Find the lowest common denominator of the following, for
example, a, a2b, b2 r a2b2 .
1. 6,9,18 1
2. 4,12,8 2
3* bc,ae,ab 3
4. 3b,b,4b2 4
5. x,xy,y2 5
6. 3b,c2 ,ab 6
7. 2b-6,3b-9 7
8. m,m(m-l) 8
9. x,x-l 9
10. a-l,a+l,a2 -l 10
11. 6y2-S,2y-2,3y+3 11
12. x2-3x-10,x2+2x+35 12
13. z2-16,
z
2
-3z-4 13
14. x2-4,x-2,x+2 14
15. y
2
+2y,y2-2y 15
16. a(a+l),a+l 16
17. y,y+l, y2 17
18. x-2,x-l 18
19. a2 -b2 ,a2f-2ab*b2 19
20. 3x-2,2x+3,2x 20

Practice Sheet 5
Addition and Subtraction of Fractions
Simplify the following, for example, 1
_
1
_
1
_
yz-xz-xy
x y z xyz
1. 5 3 1 1 1
S ~ 1
“
" 2 + 1
2. 3a . 5a . 3b 23“ ^ 8 " 12 %
3. b . a . c 3
ac
+ be ab
4. c-2
,
13«*1 4
HT + ' c
5. X2 -l x+1 5
x2
'
X
6, 2a-b a2-b2 6
2a2
7. 3a2+l 2a+l 7
a2+3a a+3
8. 10 5 8
2?T3
- 3yT§
9. 5 2 9
2^6 - 2y+2
10. 3x 5a 10
.
4a+2x 3a-3x
11. 2a-5 2a+l 11
a2_a-6 a2
-9a+15
12. 1 b+3 b+4 12
"b
+ “ SrS
13. 2x+-3 3x-2 3 13
2x+3 5x
14. 6 5 14 ••••#•••••
(y-3) 2 o>i°V>
i

15
15
16. 5a 2a
a2-is a2-3a-4
17.
_2 _3 5x
4x+6 6x-9 4x -9
18. 3 1
_
1-n
8(l-n) 8(1«) 4 (1-n2 )
19. 5r>
+ _A_ + 1
6r2 -6 2-2r 3+3r
20. s5-»-2b2 s2-2a 4a
16
17
18
19
2a2 -a 2a+4
20
X6
-
-
.
.
.
.
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Practice Sheet 6
Changing Mixed Expressions into Single Fractions
Change the following mixed expressions into single
fractions, for example, a - .
1. »! 1
2. 3 f 2
3. 1 + “
in
3
4. o' 1
or
!
_
CO
O'
1 o
to
4
5. m2in. 5
m-n
6. x.
a2+ b2
a-b
- a+b 6
7. q__2x (x-3v)
x*2y 7 '
7
8.
_ .
2b5
a3 -b3
8
9. m2 9
10.
x-y 10
11. 0+ 2 - ^3 11
12.
. a®
a ~ b
- ITS 12
13. 2a + c - a
2
-2ac
c+a
13
14. 1 + f;m 14
15. 15

1616. a*5- 4 -
a2
-4a+4
a+2
17. 1 *f* “
a
2 a^18. or -~
a-b
19. 2a2-b2
.
3x —
a+b a
2x-5
- « - b
10
17
18
19 • ••••••• • #
20 20
-
80
Practice Sheet 7
Simplifying Complex Fractions
x
Simplify the following, for example, x-y x
#
x-y
-JL. ~ 7
x-y
1. 2 1
2.
5 + 3 2
3 “ 3
2
3. 5 3
4. X 4
5. 3 5
ri
A 1 + To « x 6***«*«« # *#
n n
^
+ ^
an
7. a“n 7
1 + J5L
a-n
a
_
n
8. n a 8,
T7T
n a
a
_
h
9. ^a 2a
3a _”3F"
c he
9
ft <•
V. [€• :0V :Ir**
'
* > . >< i >« : ,-r ;
o
.
r
s
81
10 . b
- 3
d - |
10
,
9
11. a
~ a
3,7 6"
a a.c zr
11
,
12. 1 + 2a
2a — IT
12 ,
x
13. x-y
14. T - 1
M
13,
14,
15. X ^ X^
x-y
15,
16. a 16,
17. 1
a-1
alB
17,
I + ±18. m n
1
in
1
n
18.
19. a-5
a^-9
ab
19,
m
20. 3c
m x
x m
20
,

Practice Sheet 8
Simplifying Complex Fractions
Alternate Method
In these exercises simplify the complex fraction by
getting the lowest common denominator of both parts of the
fraction and multiplying both numerators and denominators by
this lowest common denominator, for example,
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C. Progress Tests
Progress Test la
Reduction of Fractions to Lowest Terms
Reduce the following to the lowest terms, for example,
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Fill in the parentheses so that the following
expressions are identities (equal to each other), for example
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Progress Test lb
Reduction of Fractions to the Lowest Terms
Reduce the following to the lowest terms, for example.
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Fill in the parentheses so that the following expressions
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Progress Test 2a
Multiplication and Division of Fractions
Write the reciprocals of the following, for example.
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Progress Test 2b
Multiplication and Division of Fractions
Write the reciprocals of the following, for example.
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Progress Test 3a
Addition and Subtraction of Fractions
Write the lowest common denominator of the following,
for example, 1 1 #
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Progress Test 3b
Addition and Subtraction of Fractions
Write the lowest common denominator of the following,
for example, 11.1
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Progress Teat 4a
Complex Fractions
By what quantity should both terms of the following
fractions be multiplied so as to simply the fraction?
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Simplify the following by any method,
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Progress Test 4b
Complex Fractions
By what quantity should both terms of the following
fractions be multiplied so as to simplify the fractions?
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Simplify the following by any method,
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